JOURNAL OF COMPUTATIONAL PHYSICS 83, 447462 (1989)

Parametric Excitation of Computational Modes Inherent to
Leap-Frog Scheme Applied to the Korteweg—de Vries Equation
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The numerical instability in the usage of the leap-frog scheme applied to the Korteweg—de
Vries equation is studied. The leap-frog scheme generates computational modes which are not
included in the original partial differential equation. It is shown that the numerical instability
comes from the parametric excitation of the computational modes by physical waves. A
method to suppress the computational modes is given. The method enables us to make long-
time integration of the Korteweg—de Vries equation, even if the amplitude of wave is large.
© 1989 Academic Press, Inc.

1. INTRODUCTION

The numerical solution to a nonlinear partial differential equation by finite
difference methods often exhibits nonlinear instability, even though linear stability
conditions are satisfied. The nonlinear instability in finite difference methods has
been studied from several points of view [1-5].

When the partial differential equation contains the time derivative, one of the
natural ways to approximate the time derivative is to use the leap-frog scheme. The
leap-frog scheme generates computational modes as well as physical modes in the
numerical solution [6,7]. The physical modes converge to the solution of the
original partial differential equation when the temporal increment approachs zero,
while the computational modes are unphysical modes which are not contained in
the exact solution. In this paper we study interactions of the computational modes
with the physical modes and show that the computational modes are parametrically
excited by the physical modes.
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As a typical example noted above, we apply the leap-frog scheme to the
Korteweg—de Vries equation

ou Odu  Ou

6t+u6x+#8x3_0’ (1.1)
where p is constant. When |u| is large, the numerical solution of Eq. (1.1) shows an
unphysical oscillation in the course of time, whose amplitude suddenly increases
without bound. This destroys the time integration of the Korteweg—de Vries
equation (1.1). We will show that the growing unphysical oscillation comes from
the parametric excitation of the computational modes by the physical modes. The
reason for the growing unphysical oscillation, therefore, is essentially different from
those of Briggs et al. [6] and Hsia et al. [8] which have been explained on the
basis of a weak nonlinear instability.

On the basis of the results theoretically clarified above, we also propose a practi-
cal method to suppress the growth of the unphysical oscillation. The method
enables us to make long-time integration of the Korteweg—de Vries equation (1.1),
even if |u| is large.

2. NUMERICAL SOLUTION BY THE LEAP-FROG SCHEME
We solve Eq. (1.1) under the periodic boundary condition
ux, )=u(x+2,1), (2.1)
and the intial condition

u(x, 0) = 2e4 cos(nKx), (2.2)

where ¢, is constant and K is a positive integer. We use the Zabusky-Kruskal
scheme [9]

At .

wr! =u}”1——3Ax (@ +u +ul Wl —uf )
At n n n n 3
_ﬂz;'i (uj+2—2uj+1+2uj—l _uj—z)s (2.3)

where u] =u(x = jdx, t=ndt), 4x is the spatial increment, and 4 is the temporal
increment. Initial condition (2.2) becomes

u) = 2ex cos(nKkj 4x). (2.4)

In order to obtain the linear stability condition, we replace (u], , +u] +u; ,)/3
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in the second term of the right-hand side of Eq. (2.3) by a constant ¢, and use the
discrete Fourier transformation

J—1 . g
ui= 3y Upexp (Eﬂcl), 2.5)
k= —J J

where 2J 4x = 2. The condition that u} is real leads to U” , = U%", where * denotes
complex conjugate number. Thus we obtain the linear difference equation for U7 as

UZ*‘—ZiAt[wk—Zc)—csin(nk Ax)] Uy —-U; " '=0, (2.6)
where
2u .
W= 3 sin(nk 4x)[1 — cos(nk 4x)]. 2.7)
If we put U} oc exp(inf,), the linear stability condition is given from
sin 8, = At [wk — < sin(rk Ax)]. (2.8)
A4x
The linear stability is assured if

At 4
B(m + (2.9)

~1.0 .
0.0

FiG. 1. Numerical solutions based on Eq. (2.3). p=0.022% n4t=5x10"% Ax=2/200. K=5 and
ex=0.25 in Eq. (2.4).
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FiG. 2. Invariant C, for Fig. 1 as a function of time. C, is defined by Eq. (2.10).

We make numerical computations based on Eq. (2.3), putting u=0.022% K=35,
ex=0.25, At =5x10"%/n, and 4x = 2/200. The At and Ax satisfy the linear stability
condition (2.9), as long as |c| ~ 1. The inverse scattering method [10] and the
initial condition (2.2) give the number of solitons. The condition noted above leads
to two solitons in the fundamental wave length (2/5 = 0.4). From the paper by Abe
and Satofuka [11], the near-recurrence time is equal to 187/a. Figure 1 gives the
numerical solution of u(x, t). We can see that two solitons appear in a fundamental
wave length of 0.4 as expected, and at the time of =t =60, however, the heights
of higher solitons becomes different due to some numerical instability. The
Korteweg—de Vries equation (1.1) has the conservation relation

2
C, sfo u(x, 1)? dx — 4g2 = 0. (2.10)

Figure 2 gives the value of |C,| as a function of time ¢. From the figure we see the
failure of the Zabusky—Kruskal scheme (2.3) for large ¢.

3. PuysicAL AND COMPUTATIONAL MODES

When the absolute value of the right-hand side of Eq. (2.8) is less than unity, we
have two solutions of 0,. If one is expressed by 0,, the other is equal to n—6,.
Since exp[in(r —0,)] = (—1)" exp(—inb,), the solution of Eq. (2.6) is given by

Ui =V, exp(inf,)+(—1)" W,exp(—inf,), (3.1)

where V, and W, are independent of n. The first and the second modes represent
the physical and the computational modes, respectively. The computational modes
change their signs at each time step. In view of Eq. (3.1) we may approximate the
nonlinear solution of U} by

Ur=Vi+(=1)"Wr. (3.2)

We call V7 and W7 the nonlinear physical and computational modes, respectively.
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When the amplitude of a wave is small, '} and W7}, reduce to linear solutions, or
Vi — V. exp(inf,) and W} - W, exp(—inb,).

We show a method of obtaining the physical modes ¥} and the computational
modes W7 from u} and u}’“ which are determined through the leap-frog scheme
(2.3). Substituting Eq. (3.2) into Eq. (2.5) we obtain

W=7+ (—1)wh, (3.3)

(5)-2 ()= () 9

In view of Eq. (3.3) we can write

where

W t=0l T = (=)W (3.6)
If we put (u?*' —u”"1)/(2 At) = 0u,;/dt, Eq. (2.3) becomes
J J J

Ou; 1
a—tl= —m(“j+1+u,-+uj_1)(uj+1_uj—l)

u
-m(uj+2'—2uj+1+2uj—1_uj—2)s (3.7)

where u; is regarded as a function of continuous time . We integrate Eq. (3.7) from
(n—1) 4t to n 4t by the Runge-Kutta scheme using u7~' as starting values to
obtain u; (t=n 4t). Since the Runge-Kutta scheme is a single-step method, all
modes of ;™' in Eq.(3.6) are advanced with no such oscillation in time as the
computational modes. Therefore u; (t=n At) may be expressed as

w (t=nd1)y=0v"— (=1)"'w’, (3.8)

where we have ignored the higher order errors incurred by the use of the
Runge-Kutta scheme instead of the leap-frog scheme. Then from Egs. (3.3) and
(3.8) we obtain

ot =W +u, (t=n41)]/2, (3.9)
wi=[u] —u; (t=ndt)](-1)"/2, (3.10)

where u; (t=n A4t) is the solution by the Runge-Kutta scheme. Figure 3 is the
schematic graph for u; (¢t =n4t). The Fourier spectra ¥} and W7} corresponding to
v} and w7 are given by the inverse transformation of Egs. (3.4) and (3.5) as

n 27-1 n , .
FINE T S
wr) =21 = \wr 7 (3.12)
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Fic. 3. Schematic graph of physical modes »7"~' and computational modes wim =L urn 1 leap-frog
solutions. u,(¢=n 4t), u;[t =(n—1) 4r]: Runge-Kutta solutions.

Thus we obtain separately the physical and the computational modes from the
numerical solution.

Figures 4 give the temporal developments of the fundamental physical mode
V’x—s and its second high harmonics V7, _,,, which correspond to the numerical
solution shown in Fig. 1. From Figs. 4 it turns out that we can express V; and Vik
as the sums of a low frequency wave and a high frequency wave, i..,

Vi=Viirexplin 41Qy ) + Vi prexpl(in A1Qy ), (3.13)
Vik=Vaxexp(in 4tQ2,x 11) + Vg ne €Xplin 412,k 1), (3.14)

where the subscripts If and hf mean the low and high frequencies, respectively. We
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FiG. 4. The fundamental and the second high harmonics of physical modes corresponding to Fig. 1.
V% and V73, are defined by Eq. (3.11).
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TABLE 1

453

Comparison between Experiment and Theory

Experiment Theory
7 At 5x107* 5x10~*
Ax 2/200 2/200
Vi 0.23 0.231
Vokie 7.0x 1072 6.27x10~2
Qg 0.70 0.724
Qs 14 145
Vine 23x1072 2.16x 1072
Voxne 7.0x102 6.27x1072
Qo ne 13.0 16.2
ok ns 14.5 16.9
[ 1.86
Wk 14.6
Ak x 310
Ak, 155
5 227
5> —132
|s1/52} 0.17
Note. K=35, ¢x=025.
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Fig. 5. The fundamental and the second high harmonics of computational modes coprresponding to

Fig. 1. W% and W7, are defined by Eq. (3.12).
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TABLE 11

Diagram of Physical and Computational Modes

Total Physical modes Computational modes
x-space uj’.’ v;’ wj’.‘
k-space u; Vi /44
Lf. hf. Lf hf
VK,lh ‘QK,H' VK.h{: QK,hf Ql(,lf QK.hf
V2K.lf’ 'QZK, Ir VZK,hfs QZK,M 'QZK,II' QZK, hf

Note. uj=vi+(-1)y'wj, Up=V;+(—1)"W}. The captial K appears in the initial condition:

uf =v? =28, cos(nKj Ax) or U=V} = (8, x+ &) _x)ex.

evaluate by curve fitting the values of Vi, Qx5 Voxur 2ak160 Vicnts Lxnes Vakone
and Q.4 from V7% and V73, given in Figs. 4. The resulting V' ; etc. are tabulated
in the left column of Table I.

Figures 5 give the temporal developments of the fundamental computational
mode W% _ . and its second high harmonics W7, _ , associated with the physical
modes shown in Figs. 4. From these figures we can put

[ W2l o explyn 41),

where y is the growth rate independent of K or 2K. The curve fitting gives y = 1.18.
The precise examination of Figs. 5 reveals that W% consists of a low frequency
oscillation and a high frequency oscillation, and the frequencies of the former and
the latter oscillations are equal to 2, . and €2, for the physical mode V7% given
by Eq. (3.13). The same situation is found for W3, also. Table Il summarizes the
physical and the computational modes. Figures 6 give the temporal developments

(18°) (x10")
80 20
et =40, rtt=60.

40 10

00 00
0 10 20k30 40 0 10 20k30 0 0 10 20k30 40

Fic. 6. Time development of the Fourier spectrum of computational modes corresponding to Fig. 1.
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FiG. 7. The growth rate y of computational modes as a function of the amplitude ¢4 of initial wave.
K=3. y is defined in Eqgs. (5.6) and (5.7).

of the computational modes W7 _ .. From these figures we see that the fundamen-
tal computational mode W7 and its second high harmonics W7, dominate over the
other modes.

We here emphasize that the failure of the Zabusky—Kruskal scheme (2.3), as
shown in Fig. 2, comes from the growth of computational modes W7} (or w}). We
made the numerical integrations based on Eq.(2.3) for various values of the
amplitude ¢4 in Eq. (2.4), fixing X=5. The broken line in Fig. 7 gives the growth
rate y of the computational modes as a function of e, _s. It is interesting that the
computational modes are unstable only if 0.22 < ¢, _ s <0.32. The solid line in Fig, 7
will be explained later.

We also made the numerical computations based on Eq. (2.3) putting K=4 or
6 in Eq. (2.4). We varied the values of ex_4 or e¢x_. The growth rate y of the

computational modes for K=4 as a function of ¢x_, is given by the broken line
in Fig. 8. The y for K= 6 also is given in Fig. 8.

¥ T
e

2.0 |— --o-| experiment
—o-

I — theory

FiG. 8. The growth rate y of computational modes for K=2, 3, 4, 5, or 6. Results for K=5 are the
same as those in Fig. 7.
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4. ANALYSIS OF PHYSICAL MODES
As seen from Figs. 4 and 5, at the early stage of the numerical instability, the

amplitudes of computational modes are small compared to those of physical
modes, or

[Wel <1Vl (4.1)

We substitute Eq. (3.2) into Eq. (2.5), and substitute Eq. (2.5) into Eq. (2.3). If we
consider the inequality (4.1), we obtain

Vit! =2idto, Vi—Vit=—idt Y V0V, (4.2)
e ¥k 1=k
and
Wit + 2o Wi — Wi =2idt Y A VWL, (4.3)
[k'ficlf;=k

where w, has been defined by Eq. (2.7) and

1 . .
A jr = T {2sin[n(k’ + k") Ax] + sin(nk’ Ax)+ sin(nk” 4x)}.

The brackets [ ] in Egs. (4.2) and (4.3) are defined by

I (—JI<I<ST—1),
[=<1-2] (I>J~1),
1+27  (<-~J)

Equations (4.2) and (4.3) mean that the time development of the physical modes V7
is independent of the computational modes W7, while the computational modes are
parametrically coupled with the physical modes. The initial condition for V7 is
given by Egs. (2.4) and (3.11) as

V/? = (5k,K + 5k, —_K)éx>

where J,, denotes the Kronecker delta. Since =0 and 4, _, =0, Eq. (4.2) leads
us to ¥5=0. The right-hand side of Eq. (4.2) generates the higher harmonics V7, ,,,
V7, 3k €tc. If 64 is not so large, we may put |V, x| > | V7 55l » |V, 34)..., 50 that we
only take into account V7, , and V7, .. Then Eq. (4.2) reduces to

Vit ' =2i dtog Viy— Vit = —2i Athoyy (VI V, (4.4)
Vgl = 2i dtwy Vi — Vig ' = —i Atdy (V)2 (4.5)
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In order to obtain approximate solutions to Eqs. (4.4) and (4.5), we regard n as
continuous quantity and write Eqgs. (4.4) and (4.5) in forms of differential equations

10 . n mt
(Ata sz> V= —idox _x ViV, (4.6)
10 5
Eé;_lwu( Vo= _—M‘K (V)% (4.7)

Equations (4.6) and (4.7) give the conservation relation
Lk k|lVil?+ dax _ x| V3> =const  (independent of n).

If Ax <1, then Ay x =~ A, _x~ nK. Considering that |V73,|*> < |V%|? we may put
| V%% = const, (4.8)

which may be assured by Figs. 4.

If we multiply Eq. (4.6) by V% and use Eq. (4.8), Eqgs. (4.6) and (4.7) reduce to
simultaneous linear differential equations for (¥%)* and V3,. We can solve these
equations analytically to obtain

s 172 1.
V',‘(=<s2_2Sl) aKexp[Ez(w2K+s2)nAt]

51 1/2
X{l—s—exp[i(sl-—sz)ndt]} s (4.9)
2
V;K—r—s,({cxp[z(wz,(+sz)nAt]—exp[z(w2K+s1)nAt]} (4.10)
where
515(25‘)1(_0’21(4'1)1/2)/2’ szg(zwk_wzlc—Dm)/Z, (4.11)

D = (2wK— w2K)2 + 4}.,@1{/{2]@_1{8%{-

The right column of Table I gives the values of wy, wyx, Ak x> A2k _x, 51, and s,
when K=35 and ¢, =0.25.

If we put wy = pu(nK)’, wx ~8u(nK)>, Ay i = 3n(k’+ k") Ax, we obtain from
Egs. (4.11)
5, g2

18u2(1rK)4+ ex’

52
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so that |s,/s;| <1 if |e4| < 1. Assuming |s,/s,| < 1, we expand Eq. (4.9) as

1
Vi = (1 +s_1) e €Xp l:— i(wax +5;,)n At]
2s, 2

s 1.
—2—;28,(exp [5 o+ 28, — 83)n At]. (4.12)

We can give approximate expressions of the four frequencies in Eqgs. (4.12) and
(4.10) as

1 1 1
3(Wag+57) ~ 30k, 5(@ox + 251 —5,) > Ty,
Wax+ S, > Wk, Wox+ 8 = 8wg.

Thus we see that V% and V3. consist of two oscillations with low and high
frequencies. Comparing Eq. (3.13) with Eq. (4.12), we can put

s
V= (1 + 2—1) €k Q= (02 +5,)/2,
52
Vo= —‘2731(, Qg pi= (W25 + 251 —5,)/2.
2

Comparing Eq. (3.14) with Eq. (4.10), we can put

A
— _ K K 2
V2K,lf“ - VZK,hf_ 2‘—'—— Exs
(s1—32)

Qop1t=Wrx + 52, k=02 + 1.

The right column of Table I gives the values of V' ; etc. for K=5 and g4 =0.25. We
see a good agreement between experiment and theory.

5. PARAMETRIC EXCITATION OF COMPUTATIONAL MODES

In view of Fig. 6, we consider only W% and W7.. Then Eq. (4.3) reduces to
Wi+ 2 At W — Wt =20 Atdyy _ (VI WE +VEWD),  (5.1)
WA 4 20 Aty Wi — Wik ' = 2i Atig x VW (52)

If we regard n as a continuous quantity, we can write the left-hand side of Egs. (5.1)
and (5.2) as

12w (L) ws
dion 9x) e T R ML
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so that the natural frequencies of W7 and W3, are —wy and —w,, respectively.
Thus phase rotations of W% and W7 are in the opposite direction to those of the
high frequency parts of the physical modes. Therefore, we can not expect
parametric coupling between the computational modes and the high frequency
parts of the physical modes. We consider only the low frequency parts of the
physical modes given in Eqs. (4.9) and (4.10) as the pumping modes

Vi =Vxexp(in 4:1Qx), (5.3)

Vn o=V, exp(i2n 419 ), (5.4)

where

172
_{_ %5 Akk o
V= ( ) Exs Vok=5———"—

$,—8; E2(sl —sz)sK’ (5.5)
Qp=(wx+5,)/2.
In order to solve Eqgs. (5.1) and (5.2) we put
W= W exp[(iQk+ y)n 4t], (5.6)
Whe= Wik expl (22 + y)n At]. (5.7)

From Figs. 4 and 5 we have assumed that the frequencies of W7} and W7 are equal
to those of V7 and V7, respectively. This assumption is recognizable as the condi-
tion of frequency locking for the parametric excitation, viz. te frequencies of the
parametrically excited waves are determined by the modulation frequencies rather
than by the natural frequencies. The positive y corresponds to the parametric
excitation of the computational modes.

We substitute Eqs. (5.3), (54), (5.6), and (5.7) into Egs. (5.1} and (5.2), and
approximate exp[ +(iQx+y) 4t] =14 (i2,+7) 4t, assuming At<1. Then we
obtain

(—iy+9K+wK)WK+/12K,—K(V2KWI?+ VEWx)=0, (5.8)

(_iy+2QK+w2K)W2K_'1K,KVKWK=0' (59)

Equations (5.8) and (5.9) and their complex conjugate equations constitute the
homogeneous algebraic equations for Wy, W2, W,., and W, whose coefficients
contain Vi, VE, V,, and V. The condition that the determinant of the
coefficient matrix is equal to zero leads to

P4y’ +ey=0,
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where

e =(Qx+ (Uk)z + (29K+w21<)2 + 242k, — k Ak k| VK’Z - A%K,~KI Vzlclz,
=[R2+ wg)2Qk + Wyx) — Aok _kAxk I Vil*]
—(2Q+ wa)? 1%1{, _x1Vaxl®

Since ¢, > 0, the condition y >0 is satisfied when ¢, <0. The growth rate y is then
given by

1
Y= ﬁ [(C% - 4'6'2)1/2 —c ]2
We calculated y as a function of ¢g, fixing K=35. The solid line in Fig. 7 gives y
obtained thus.
We also calculated y as a function of ¢, fixing K=2, 3, 4, or 6. The solid lines
in Fig. 8 give y obtained thus. If we shift the theoretical curves to the left, we see
a good agreement between experiment and theory.

6. SUPPRESSION OF COMPUTATIONAL MODES

In this section we propose a method to suppress the growth of computational
modes. Without this method we fail to make long-time integration based on the
leap-frog scheme, as shown in Fig 2. We eliminate the computational modes at
some time step.

In Section 3 we have decomposed 4} into the physical modes v} and the com-
putational modes w/. In order to obtain «;*' including no computational modes
through the leap-frog scheme, we need ] and uj'.'"1 which include no computa-
tional modes. We replace u] by v} and «; ' by v/~ at some time step. To obtain
v?~! we integrate Eq.(3.7) in the reverse time direction by the Runge-Kutta
scheme, starting from ] obtained by the leap-frog scheme. The Runge-Kutta
scheme yields no such oscillation in time as the computational modes, so that
u;[t=(n—1) 4¢] obtained by the Runge-Kutta scheme may be written, in view of
Eq. (3.3), as

wt=mn—-1)dt]=v "' +(=1)"w;" !, (6.1)

instead of the right-hand side of Eq. (3.6). Figure 3 gives the schematic graph for
u;[t=(n—1) 4t]. Equations (3.6) and (6.1) give

v ={u) vyt =(n—1) 4t]}/2.
The v}~ includes no computational modes. We summarize the algorithm as
u? - {u] +u(t=n 41)}/2, |
ul 7t {uf T e =(n—1) 41]}/2,
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where »} and u} !

] are determined by the leap-frog scheme, u;(t=n At) is deter-
mined from u}‘“‘ by the use of the Runge-Kutta scheme, and u;[t=(n—1) 4t] is
determined from u} by the use of the Runge-Kutta scheme.

We apply this method to the problem shown in Figs. 1 and 2. Figure 9 shows the
results when the computational modes are eliminated at every 24,000 time steps.
We see that |W7%_s| <10~ and |C,| <1077 for all n. The Korteweg-de Vries

equation (1.1) has conservation relations

2
CIEL u(x, t)dx=0,

21, ou\? 2_
cs=[ 3w -u(5) | x+ uenkagr-o.

as well as Eq. (2.10). The values of |C,| and |C;| remain less than 107! and 1073,
respectively, for all n.

Zabusky [12] recognized that the leap-frog scheme (2.3) was subject to the
numerical instability. To suppress the instability he introduced the temporal
smoothing algorithm in which 4] and «}~' were replaced by (u}*' +2u} +u}~')/4
and (u] +2u}"1 +u}~?)/4, respectively, at some time steps. We also applied this
second-order smoother to the problem in this paper. Using the second-order
smoother, we smoothed u] at every 24,000 time steps (nz=12) to compare the
resulting »; with those obtained from the present Runge-Kutta smoother. We
found that the Runge-Kutta smoother leads to results better than those of the
second-order smoother.

The present paper treats the initial monochromatic wave given by Eq. (2.4) with
relatively small amplitude ¢,=0.25 so that the parametric excitation of the com-
putational modes can be analysed theoretically. We are comparing overall validities
of the Runge-Kutta smoother and the second-order smoother applied to Egs. (2.3)
and (2.4 ) for various amplitude &,. We are also examining how often we need the
smoothing in long-time integrations of the Korteweg—de Vries equation. The results
will appear in the next paper.

10" ~
IC2| . W
16° - N
L 1 1 i |
0 40000 n 80000 120000
I T T T T T 1
0 20. gy 40 60.

Fi16. 9. Computational mode W7 and invariant C, for Fig. 1 as functions of time, when computa-
tional modes are eliminated at every 24,000 time steps (mf = 12). p, 4¢, Ax, K, and &, are given in Fig. 1.
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7. CONCLUSIONS

(i) The numerical instability, which often occurs in the usage of the leap-frog
scheme applied to the Korteweg-de Vries equation, comes from the growth of
computational modes.

(i) The computational modes are parametrically coupled with the physical
modes.

(iii) The parametric excitation of the computational modes occurs only for the
intermediate amplitude of wave (see Figs. 7 and 8).

(iv) Even if the amplitude of a wave is large, we can make long-time integration
of the Korteweg—de Vries equation by eliminating the computational modes not at
each time step, but at some time steps.
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